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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional calculus, we study the
fractional differential problem of two types of fractional trigonometric functions. Using chain rule for fractional
derivatives and a new multiplication of fractional analytic functions, we can obtain the fractional derivatives of any
order of these two types of fractional trigonometric functions. On the other hand, we provide some examples to
illustrate our methods. In fact, our results are generalizations of those results in classical calculus.
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I. INTRODUCTION

In the second half of the 20th century, a large number of studies on fractional calculus were published in engineering
literature. In fact, the latest progress of fractional calculus is mainly in physics, mechanics, electrical engineering,
economics, viscoelasticity, biology, control theory, and other fields [1-10]. There is no doubt that fractional calculus has
become an exciting new mathematical tool to solve various problems in mathematics, science and engineering.

However, the definition of fractional derivative is not unique. Common definitions include Riemann Liouville (R-L)
fractional derivative, Caputo fractional derivative, Grunwald Letnikov (G-L) fractional derivative, and Jumarie’s modified
R-L fractional derivative [11-15]. Since Jumarie type of R-L fractional derivative helps to avoid non-zero fractional
derivative of constant function, it is easier to use this definition to connect fractional calculus with traditional calculus.

In this paper, based on Jumarie type of R-L fractional calculus, the fractional derivatives of any order of two types of
fractional trigonometric functions are obtained. A new multiplication of fractional analytic functions and chain rule for
fractional derivatives play important roles in this article. Moreover, we give two examples to illustrate the application of
our results. In fact, our results are natural generalizations of those results in ordinary calculus.

I1. DEFINITIONS AND PROPERTIES
Firstly, the fractional calculus used in this paper and its properties are introduced below.

Definition 2.1 ([16]): Let 0 < a < 1, and 68, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

_ 1 a0 f(©)-f(60)
(gng‘)[f(G)] = F(l—a)ﬁ eowdt . (1)

And the Jumarie’s modified R-L a-fractional integral is defined by

(6 F O] = = [ LY _ar, @)

" T(a) 760 (0-1)1-¢
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where I'( ) is the gamma function. Moreover, we define (5,08)" [£(6)] = (5,08)(6,0&) ~ (6,D&)LF(6)], and it is
called the n-th order a-fractional derivative of f(8), where n is any positive integer.

Proposition 2.2 ([17]): If a,B,6,, C are real numbersand § = a > 0, then
(0,D8)[(6 = 00)F] = 2202 (6 — 6P~ @3)
and
(a,08)IC] = 0. 4)
In the following, we introduce the definition of fractional analytic function.
Definition 2.3 ([18]): Assume that 6, 8,, and a, are real numbers for all k, 6, € (a, b), and 0 < a < 1. If the function

fu:[a, b] = R can be expressed as an a-fractional power series, that is, f,(0%) = Y- om (6 — 6,)** on some open

interval containing 68,, then we say that f,(6%) is a-fractional analytic at 8,. In addition, if f,: [a, b] — R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([19]): Let 0 < @ <1, and 6, be a real number. If f,(8%) and g,(6%) are two a-fractional analytic
functions defined on an interval containing 6, ,

Ful6) = 0 (0 = 00 = 50 % (250 - 0°) ©)
9a(0%) = Sgm (0 — 0, = 50 2 (s (0 = 00)7) (6)
Then we define
f2(69) ® 9o (6%)
= S0ty (6 = 000 ® T s (6 — 60)*
= S 0rgmrs (Zho (X) @uemb) 0 = 003 @)

Equivalently,
fa(6%) ® go(6%)

1

= 520 (s 0 - 007) @0 (s 0 - 607)

= 502 (Zhco (X) @cmbn) (s 0 = 00)%) ®)

Definition 2.5 ([19]): Let0 < a < 1,and f,(0%), g,(6%) be two a-fractional analytic functions defined on an interval
containing 6, ,

ak ag 1 ®k
fe0%) = Tiomomirs (0 = 00 = o (rm; (0 — 00°) ©)
9207 = X0 s (0. - 00" = 52 (20— 0)°) (10)
The compositions of f,(6%) and g,(6%) are defined by
(fi © 92) (0% = £u(92(69) = B0 2 (92(69) %", (11)
and
(Ga © f) (0D = ga(fa(69)) = Tizo 2 (£(69)™". (12)
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Definition 2.6 ([19]): Let 0 < @ < 1. If £,(6%), g,(6%) are two a-fractional analytic functions at 8, satisfies

(fa° 9a)(0%) = (gg © f)(0F) =

1
I'(a+1)

(6 — 00). (13)

Then £, (69%), g,(8%) are called inverse functions of each other.

Definition 2.7 ([20]): If 0 < a < 1, and @ is any real number. The a-fractional exponential function is defined by

E,(6%) = Tt o) (14)

o 1
T(ka+1) Zi=o k! (F(a+1)

And the a-fractional logarithmic function Ln, (6%) is the inverse function of E,(6%). In addition, the a-fractional cosine
and sine function are defined as follows:

- © (_1)’(62’((1 _ o (_l)k 1 « ®R2k
c0sq(0%) = Yi=o r(2ka+1) Zi=o 2k)! (I‘(a+1)9 ) ' (15)
and
. a _ woo (_1)k9(2k+1)a v (_1)k 1 « ®(2k+1)
sing (0%) = Xizo [(k+Da+1) Zk=0(2k+1)! (F(zx+1) 0 ) ) (16)

Proposition 2.8 (fractional Euler’s formula): Let 0 < a < 1, 6 be a real number, then
E, (i0%) = cos,(0%) + isin,(6%) . an

Definition 2.9: Assume that 0 < a < 1, and £, (8%), g,(0%) are two a-fractional analytic functions. Then (fa(ea))(gm =
f2(0%) Q - Q f,(6%) is called the nth power of f,(8%). On the other hand, if f,(6%) ® g,(0%) = 1, then g,(0%) is

called the ® reciprocal of £, (6%), and is denoted by (fa(e"‘))®_1.
Definition 2.10 ([16]): Let 0 < @ < 1, and p be a real number. The p-th power of the a-fractional analytic function f,(6%)
is defined by [£,(69)]1%? = E, (pLn( £.(69)).
Proposition 2.11: ([21]): Let 0 < a < 1, and 6 be a real number, then
[sing (69)]1%% + [cos4(89)]®2 = 1. (18)

Theorem 2.12: (chain rule for fractional derivatives) ([20]): If0 < a < 1, 6, 8, are real numbers, and f,(6%), g,(0%)
are a-fractional analytic functions at 8, . Then

(6,08 fu(920™)] = (9,06 ) [f(0)](9(0%)) @ (9,06 )9 (6D)]. (19)

Definition 2.13: Let z = a + ib be a complex number, where i =+/—1, a, b are real numbers. We denote a the real part
of z by Re(z), and b the imaginary part of z is denoted by Im(z) .

Definition 2.14: If 0 < a <1, and x,(0%),y,(6%) are real a-fractional analytic functions, then z,(60%) = x,(0%) +
iy, (0%) is a complex a-fractional analytic function. We define
1
120 (09| = [ [x (0¥)]®2 + [y,(6%)]®%]%z. (20)
Definition 2.15: The smallest positive real number T, such that E, (iT,) = 1, is called the period of E,(i0%).
I1l. RESULTS AND EXAMPLES

In this section, we introduce some results including the fractional derivatives of any order of two types of fractional
trigonometric functions. In addition, some examples are provided to illustrate the application of our results.

Proposition 3.1: Suppose that 0 < a <1, z,(6%) = x,(0%) + iy,(6%) is a complex a-fractional analytic function and
|z, (6%)|g < 1. Then

(_1)k—1
k

Lng(1 +2,(69) = T2y [z, (69)]® . (21)
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Proof Since |z,(6%)|g < 1, by chain rule for fractional derivatives,
(D) Lna(1 + 24(69)]
= (14 2,(6M)° 7 ®( o0§) 22 (67)]
= T (=D (2, (0914 ®( oD§) (24 (6] (22)
It follows that
Lng (1 + z,(69))
= (olf) [T (-1 (24 (6] ®( oD§) (22 (6]
= 5 S [ (01 Qed
Proposition 3.2: Let 0 < @ < 1 and r be a real number, |r| < 1. Then
Ln,(1+rE,(i6%)) = %Lna(l + 2rcos,(0%) + %) + iarctan (rsina(G"‘)@)(l + rcosa(ﬁa))®_1). (23)
Proof Lng (1 + 1E,(i6%))
= Lna(l + rcos,(0%) + irsina(O“)) (by fractional Euler’s formula)
1
[(1 + rcosa(O“))®2 + (1’51'7101(490‘))@2]®§ ]|

=Ln,

® [(1+rcosa(9“))+i(7"5ina(9a))]®[(1+7’505a(9a))®2 +(T5ina(9a))®2:|®_i“

|

1
[(1 + 2rcos,(0%) + r?)]®2
= Ln,

® [(1 +71c05,(0%)) + i(rsing (69))|®[(1 + 2rcos, (%) + rz)]®‘%

]

[[(1 +7¢05,(8%9)) + i(rsing (09))]|®[(1 + 2rcos, (8%) +rH)]® 2

= Ln, -[(1 + 2rcos,(0%) + rz)]®%]

+ Ln,

= %Lna[(l + 2rcos,(0%) + 3] + Ln, [Ea [iarctan (rsina(ga)(g,(l + rcosa(Q“))®_1)]]

= § Ln, (1 + 2rcos,(0%) + %) + iarctan (rsina(Q“)(X)(l + rcosa(Q“))®_1). Q.ed.

Proposition 3.3: If 0 < a < 1and |r| < 1. Then

et

Lng(1 + 2rcos,(0%) +1r3) =2¥%, rkcos, (k6%), (24)
and
arctan (rsina(é?“)@)(l + rcos, (9“))® _1) =Y (_1:{_1 rksin, (k%). (25)
Proof Ln,(1 + 2rcos,(8%) +1?)
= 2-Re[ Ln,(1 + rE,(i09))]
=2 Re[2i, T (rE,(16) %]
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1k

=2-Re [Zk ) r*E (Lke"‘)]

(k-

1
=2¥Y%, rkcos, (k6%) .

On the other hand,
arctan (rsina(9“)®(1 + rcos, (9”‘))® _1)

= Im[ Lng (1 + 7E, (i69)]

_1\k-1
= Im [z;:;l( D r*E, (ik6®)]

_Zkl

Theorem 3.4: Suppose that 0 < a < 1, |r|] < 1, and n is any positive integer. Then

r ksing (kO%) . Q.ed.

(oD8)" [Lng(1 + 2rcos,(6%) + 1] = 255, k" (=1)F " ¥ cos, (k6% +n-2) | (26)
and
( ODg‘)" [arctan (rsina(B“)QZ)(l + rcosa(ea))®_1)] =y k" Y(=1)* 1 rksin, (k@“ +n- %‘") . 27)

Proof (D) [Lng(1 + 2rcos,(8%) +72)]

= (o§)" 22

-1
rkcos, (kG“)]

=237 1( Dk rk( ng)n[cosa(kG“)]

= 2% k" (=1D)F  rkcos, (k@"‘ +n- T—“) .

4

And

Dg‘)" [arctan (rsina(H“)®(1 + rcos, (9“))8’_1)]

= (oD§)" [zk S0 rhsing (k6% |
k—
= Si T (0f) " [sing (k6)]
) n-1 k-1 ..k o; a Ta
=Y K (D) rsing (k@ +n- T) . Q.e.d.
Example 3.5: Let 0 < @ < 1.Then
D“g")23 [Lna <1—90 + gcosa (9“))]
k
= 257, k2(=1)(3) cos, (k6% +23-7%)
1 k
=2y k?2(-1)k1 (g) sing, (k6%) . (28)
Example 3.6: Assume that 0 < ¢ < 1. Then
17 1 1 ®-1
(oD§) " |arctan 5N, (69)® (1 + Zcosa(G“))
k
= S KO (=1)K (3) sing (ko + 17 - )

k
= T k19 (=1)%1 (3) cosy (kO . (29)
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IV. CONCLUSION

In this paper, based on Jumarie type of R-L fractional calculus, we find the fractional derivatives of any order of two types
of fractional trigonometric functions. Chain rule for fractional derivatives and a new multiplication of fractional analytic
functions play important roles in this paper. Furthermore, we provide some examples to illustrate how to use our results to
obtain fractional derivatives of any order of these two types of fractional trigonometric functions. In fact, the results we
obtained are generalizations of those results in traditional calculus. In the future, we will continue to use our methods to
study the problems in applied mathematics and fractional differential equations.
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